Abstract. The purpose of this paper is to provide a cohomology of n-Hom-Leibniz algebras. Moreover, we study some higher operations on cohomology spaces and deformations.
Introduction
The first appearance of ternary operation goes back to 19th century, where Cayley considered cubic matrices. The first motivation to study n-ary algebras appeared in Physics when Nambu suggested in 1973 a generalization of Hamiltonian Mechanics with more than one hamiltonian [29] . The algebraic formulation of Nambu Mechanics is due to Takhtajan [33] and the abstract definition of n-Lie algebra is due to Filippov in 1985, see [20] . Moreover, 3-Lie algebras appeared in String Theory. Fuzzy sphere (noncommutative space) arises naturally in the description of D1-branes ending on D3-branes in Type IIB superstring theory and the effective dynamics of this system is described by the Nahm equations. In [9] , Basu and Harvey suggested to replace the Lie algebra appearing in the Nahm equation by a 3-Lie algebra for the lifted Nahm equations. Furthermore, in the context of Bagger-LambertGustavsson model of multiple M2-branes, Bagger-Lambert managed to construct, using a ternary bracket, an N = 2 supersymmetric version of the worldvolume theory of the Mtheory membrane, see [7] . Various algebraic aspects of 3-Lie algebras, or more generally, of n-Lie algebras were considered. Construction, realization and classifications of 3-Lie algebras and n-Lie algebras were studied, see for example [6, 14, 27] . In particular, representation theory of n-Lie algebras was first introduced by Kasymov in [26] . Through fundamental objects one may also represent a 3-Lie algebra and more generally an n-Lie algebra by a Leibniz algebra [13, 34] . For deformation theory and cohomologies of n-Lie algebras, we refer to [21, 22, 31, 34] . The n-Leibniz algebras, which are a non-skewsymmetric version of n-Lie algebras, were introduced and studied in [11] . Some of their properties were studied in [10, 15] . Hom-type algebras were motivated by q-deformations of algebras of vector fields, in particular Witt and Virasoro algebras. It turns out that the structure obtained when usual derivation is replaced by a σ-derivation is no longer a Lie algebra but a twisted Jacobi condition is satisfied. These type of algebras were called Hom-Lie algebras and studied in [24] . Generalizations to n-ary operations and n-Hom-Lie algebras were considered in [1] . An extensive literature deals with properties of this kind of algebras, see [2, 3, 4, 12, 28] . In this paper, we consider n-Hom-Leibniz algebras and provide a cohomology complex with values in a representation. Moreover we study their one parameter formal deformations. In the first section, we define n-Hom-Leibniz algebras and endow a Hom-Leibniz algebra structure on the vector space D n−1 (L) := L ⊗n−1 . In the second section, we define representations of a n-Hom-Leibniz algebra and then a cohomology with coefficients in a representation. In Section 3, we give an interpretation of the first cohomology groups in terms of derivations and extensions. In Section 4, we show a relationship between the cohomology of n-HomLeibniz algebra and its associated Hom-Leibniz algebra. Section 5 is dedicated to some higher operations and to show that the cohomology space of a n-Hom-Leibniz algebra turns into a graded Lie algebra. In the last section, we discuss formal deformations and their connection to cohomology.
n-Hom-Leibniz algebras
In this paper all vector spaces are considered over a field K of characteristic 0. Definition 1.1. A (right) Hom-Leibniz algebra, [28] , is a triple (L, [·, ·] , α) where L is a vector space, with a bracket
Rewriting the above condition, if
. We introduce now the definition of n-Hom-Leibniz algebra.
Rewriting the above condition, for Y = (y 1 , . . . ,
]. For n = 2, this gives us a Hom-Leibniz algebra. If we take α i = id for all 1 ≤ i ≤ n − 1 we get Leibniz n-algebras, [11] .
Proof. The proof is straight forward.
is a Hom-Leibniz algebra with respect to the bracket
and linear map α :
Proof. We shall check that
The first term in (1.3) is same as the second term in (1.4), the second term in (1.3) is same as the first term in (1.4). Using the defining relation of a n-Hom-Leibniz algebra, the third term of (1.3) is precisely the sum of last two terms of (1.4) . This shows that the bracket defined on D n−1 (L) endows it with a Hom-Leibniz algebra structure. It is straight forward to see that
Cohomology of n-Hom-Leibniz algebras
In this section, we define a representation of a n-Hom-Leibniz algebra and then a cohomology for n-Hom-Leibniz algebras, with coefficients in a representation. We recall first the definition of a representation of a Hom-Leibniz algebra according to [12] . 
, where M is a vector space and α M : M → M is a linear map, equipped with n actions
satisfying (2n − 1) equations which are obtained from (2.1)
by letting exactly one of the variables x 1 , x 2 , . . . , x n , y 1 , · · · , y n−1 be in M (hence the corresponding α should be replaced by α M ) and all others in L.
Note that the n-Hom-Leibniz algebra (L, [·, · · · , ·], α) is a representation of itself. For n = 2 we get back the definition of representation for a Hom-Leibniz algebra.
where
Proof. The proof will involve five steps. It will be convenient to denote the four terms of
, or simply by δ 1 + δ 2 + δ 3 + δ 4 .
Step I. Here we show that δ
Step II. Here we show that δ
Step III. In this step we show that δ
Step-IV. To show, δ
Step V. Finally, we show that δ
Note that δ
By the n-Hom-Leibniz identity, it follows that (First part of δ 
. We define the pth cohomology group of the n-ary multiplicative Hom-Leibniz algebra L, with coeffiecients in itself as the quotient group
2.1. Cohomology with coefficients in a representation. We analogously define the cohomology of a multiplicative n-Hom-Leibniz algebra (L, [., . . . , .], α) with coefficients in a representation (M, α M ) as follows.
and X i = (X j i ) 1≤j≤n−1 . The last two terms in the definition of the coboundary make use of the n actions
Proposition 2.7. The map δ p defined in Definition 2.6 is a square zero map.
Proof. The proof is similar to the proof of the previous proposition, and uses the defining relations of a n-Hom-Leibniz algebra representation (2.2).
3. Interpretation of first and second cohomology groups
Elements of Der(L, M ) are called derivations of L with values in the representation
M . Note that H 1 (L, M ) ∼ = Z 1 (L, M ). Let f ∈ Z 1 (L, M ). For z ∈ L and X = (x 1 , . . . , x n−1 ) ∈ D n−1 , we have 0 = δ 1 f (z, X) = −f ([z, X]) + [f (z), X] 0 + n−1 i=1 [z, x 1 , . . . , x i−1 , f (x i ), . . . , x n−1 ] i .
This simply means that f is a derivation of L with values in M if and only if
). An abelian extension of a n-Hom-Leibniz algebra is a (K-split) exact sequence of n-Hom-Leibniz algebras
such that for a 1 , · · · , a n ∈ K, [a 1 , · · · , a n ] = 0, whenever a i = ι(m i ) and a j = ι(m j ) for some 1 ≤ i, j ≤ n, i = j. Hence, the bracket on M is zero.
Given an abelian extension (3.1) of n-Hom-Leibniz algebras, M is equipped with n actions
where the linear map s is the splitting of the exact sequence
These n actions so defined satisfies the (2n − 1) relations as in equation (2.2). In other words, (M, α M ) inherits the structure of a representation of (L, α). Now, let us start with a n-Hom-Leibniz algebra (L, α) and let (M, α M ) be a representation of (L, α). Let
be an abelian extension, such that the induced structure of representation of L on M induced by the extension coincides with the original one. If this condition holds, we call (3.2) an abelian extension of L by M . Two such extensions
are said to be isomorphic if there exists a n-Hom-Leibniz algebra homomorphism φ : K −→ K ′ such that the following diagram commutes. α(x) ). Note that, K with the bracket induced by f as above, and with α K as defined, is a n-Hom-Leibniz algebra if and only if
, that is, f is a 2-cocycle. This abelian extension
where the n-Hom-Leibniz algebra bracket on K = M ⊕ L is induced by the 2-cocycle f , is denoted by K f . Lemma 3.1. With the above notation, f and g determine the same cohomology class in H 2 (L, M ) if and only if K f and K g are isomorphic.
Proof. Let f and g determine the same cohomology class in H 2 (L, M ), ie. there exists a 1-cochain, say h, such that f − g = δ 1 h. We define a bijective map φ : K f −→ K g by φ(m, x) = (m + h(x), x), for m ∈ M and x ∈ L. It is straight forward to verify that φ so defined is a n-Hom-Leibniz algebra map from K f to K g , which commutes with identity on M and L. Conversely, let η : K f −→ K g be a n-Hom-Leibniz algebra equivalence. Since η commutes with identities on M and L, η(m, x) = (m + r(x), x), where r is a map from L to M . Using the n-Hom-Leibniz algebra structure on K f and K g , and the fact that η is a n-Hom-Leibniz algebra map, it is routine to check that r is a 1-cochain such that
It is also straightforward to check that Ψ so defined is a bijection. Hence,
It turns out that the space of cochains for a n-Hom-Leibniz algebra (L, [·, · · · , ·], α) can be embedded into the space of cochains for its associated Hom-Leibniz algebra D n−1 (L), if α is an injective map. At the same time, the coboundary map is also preserved by this embedding. For the sake of completeness, let us recall here the cochain complex of a HomLeibniz algebra g with coefficients in a representation V . Let (g, [·, ·], α) be a Hom-Leibniz algebra and (V, α V ) be a representation of (g, [·, ·], α). For n ≥ 1, let C n (g, V ) denote the space of all f ∈ Hom(g ⊗n , V ) such that f (α ⊗n ) = α V f . Define the coboundary operator as d n :
We refer to ?? for a proof of the fact that the above defined operator is a square zero map. 
This map ∆ induces a map, again denoted by ∆ :
).
The following theorem shows that the map ∆ :
) is a map of cochain complexes.
as defined above commutes with the coboundaries of the cochain complexes. In other words, the following diagram commutes.
where d p is the pth coboundary map of the cochain complex [12] .
Proof.
The second term of equation (4.1) is
The above can be further simplified as
, the third term of (4.1) for i = 1 can be simplified as (4.3)
Adding (4.2) and (4.3), we get
On the other hand,
It is easy to see that the right hand side of equation (4.4) and equation (4.5) are the same. Hence the theorem follows. The following lemma is easy to see.
, α) be a n-Hom-Leibniz algebra. Assume that the map α : L −→ L is an injective map. Then the map of cochain complexes ∆ :
is an embedding.
Henceforth we shall assume that the map α : L −→ L is an injective map.
Higher operations on the cochain complex
In [8] , D. Balavoine has defined a Lie algebra structure on the cochain complex of a (right) Leibniz algebra. On the same lines we define a bracket operation on the cochain complex of a Hom-Leibniz algebra, which makes this cochain complex into a Lie algebra. Let (g, [·, ·], α) be a Hom-Leibniz algebra. We define a bracket operation on the cochain complex (C
We define
Next define the bracket as
Proof of the following lemma is similar to the proof in the Leibniz algebra case, which appears as Lemma 3.2.6 in [8] .
Lemma 5.1. Let g be a Hom-Leibniz algebra. The bracket [., .] L as defined above makes the graded vector space M * (g) into a graded Lie algebra.
Next we define a Lie bracket on the cochain complex of a n-Hom-Leibniz algebra L with coefficients in itself. We proceed as follows. Proof. The fact that π so defined is a cocycle follows from the n-Hom-Leibniz identity. Now, [π, π] N = 2i π (π). We show that i π (π) = 0.
by the n-Hom-Leibniz algebra identity (1.2).
Proposition 5.3. Let π be the 2-cochain of the n-Hom-Leibniz algebra L defined as in Proposition 5.2. Let f be a p-cochain of L. Then
Hence,
The following lemma plays the fundamental role in showing that Γ * (L) with the bracket [·, ·] N forms a graded Lie algebra.
Lemma 5.4. Let L be a n-Hom-Leibniz algebra and g be the Hom-Leibniz algebra
Deformation cohomology of n-Hom-Leibniz algebras
Deformation theory was introduced first by Gerstenhaber for rings and associative algebras in [23] using formal power series, then extended to Lie algebras by Nijenhuis and Richardson [30] . The main results connect the properties of deformations to a cohomology groups of a suitable cohomology complex, which are Hochschild cohomology for associative algebras and Chevalley-Eilenberg cohomology for Lie algebras. The complex governing infinitesimal deformations of a n-Lie algebra was successfully defined by Gautheron in [22] (1996) after an initial attempt by Takhtajan [34] (1994). Then, Daletskii and Takhtajan [13, 33] (1997) rewrote Gautheron's work in terms of a subcomplex. The suitable cohomology in the study of n-Hom-Leibniz algebras deformations corresponds to the particular case of Section 3, where M = L. In the sequel we provide the theory for n-Hom-Leibniz algebras. We may recall first, second and third coboundary maps.
] denote the formal power series ring over K. A formal deformation of a n-Hom-
where tensor product taken over
being the bracket in L, and f t defining a n-Hom-Leibniz algebra structure on
Explicitly, this would mean
This gives rise to the following infinite system of equations:
So equating coefficients of t s , we get the following system of equations for all s ≥ 0. (6.1)
For s = 0, we get back the defining relation for the n-Hom-Leibniz algebra bracket. For s = 1, we get x 1 ) , . . . , α(x i−1 ), F 0 (x i , y 1 , . . . , y n−1 ), α(x i+1 ), . . . , α(x n ))}.
As F 0 is the bracket for L, we have, F 1 (x i , y 1 , . . . , y n−1 ), α(x i+1 , . . . , α(x n )] + [F 1 (z, y 1 , . . . , y n−1 ), α(x 1 ), . . . , α(x n )] + n−1 i=1 F 1 (α(z), . . . , α(x i−1 , [x i , y 1 , . . . , y n−1 ], α(x i+1 ), . . . , α(x n )) +F 1 ([z, y 1 , . . . , y n−1 ], α(x 1 ), . . . , α(x n )). This precisely tells us that δ 2 (F 1 ) = 0 ie. F 1 is a 2-cocycle.
Similarly, rewriting the system of equations (6.1), we get, for each s ≥ 2, (x 1 , . . . , x n )) = g t (φ t (x 1 ), . . . , φ t (x n )) (6.4) φ t (α(x)) = α(φ t (x)).
A deformation L f of L is said to be trivial if and only if L f is equivalent to L.
Remark 6.3. Straight forward computations shows that the first term of a deformation depends only on the cohomology class, that is two cohomologous cocycles corresponds to equivalent deformations.
Define a 3-cochain G s = i+j=s i,j>0
[F i , F j ] N for all s ≥ 2. This cochain is called the obstruction cochain for extending a given deformation truncated at (s − 1)th stage to the sth stage.
Proposition 6.4. The obstruction cochain G s is a 3-cocycle, and the vanishing of the cohomology class determined by G s is a necessary and sufficient condition for the deformation to be extendable. It follows easily that if G s = δφ s for some 2-cochain φ, then f t + φt s is a deformation truncated at sth stage, and is an extension of f t .
